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Abstract

Background. With effect modification, the better of two treatments can change at a covariate value
x* = —4§/, the ratio of the treatment effect at zero to the interaction. Applied analyses report it as a point.
Catalog problem DEC-28 asks whether it is well enough determined for that.

Methods. One individual-data trial of 400 patients, alone or combined with five aggregate trials at different
covariate means; interactions of 0.3, 0.15 and 0.05 outcome SD per covariate SD; an ecological term in the
aggregate trials absent or present; delta-method and Fieller intervals, and the regret of treating by the point
estimate. 2000 replicates per cell.

Results. From the individual trial alone at an interaction of 0.15, the exact (Fieller) 95% confidence set for
2* was unbounded in 66% to 69% of replicates, while the delta-method interval was always finite. Adding
aggregate trials supplied 81% of the interaction’s precision and made the sets bounded; with a between-trial
ecological term of 0.1 per covariate SD, their coverage fell to 0.681 to 0.696 for a boundary at 1.5 while the
individual trial’s sets kept 0.949 to 0.952.

Conclusion. A cut-point should be reported with its Fieller set, which can legitimately be unbounded;
a bounded interval obtained by borrowing between-trial interaction information is only as good as the
assumption that that information is free of ecological bias.

1 The problem

x* is a ratio whose denominator is an interaction, the least precisely estimated quantity in a trial. The
delta method linearizes the ratio and always returns a finite interval. The exact set of Fieller (1) is
{2 : (8 + Bx)? < 22var(é + Bx)}: the covariate values at which the treatment difference is not significantly
different from zero. It is a bounded interval only when the interaction itself is significant, and otherwise two
half-lines or the whole line. It is also the set where the pointwise probability that A is better lies between
0.025 and 0.975, so a plot of that probability shows it directly. Treating by the probability at 0.5 is the
plug-in rule, so the two have the same regret; the map changes what is reported, not the decision.

Precision for the interaction can be borrowed from trials at different covariate means, as shared-interaction
network models do. That information is between-trial and exposed to ecological bias (2), which no interval
reflects.



2 Design

Registered protocol: protocol.md. Individual effect of A over B n(z) = § + Bx with 8 € {0.3,0.15,0.05}
and z* € {0.5,1.5}. The individual trial: 400 patients, x ~ N(0,1), y = 0.3xz + An(z) + e, e ~ N(0,1).
Five aggregate trials at covariate means —1 to 1.5 report their effect with SE 0.1; the ecological term adds
b(my —m), b € {0,0.1}. The combined estimator is generalized least squares on both sources. Regret of the
plug-in rule in a target x ~ N(0.5,1) is reported as a share of the value of individualized treatment (the gain
from treating by the true boundary over treating everyone with the better treatment on average).

3 Results
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Figure 1: Type of the 95% Fieller set for x* without the ecological term.

Table 1: 2000 replicates per cell; coverage MCSE at most 0.011. Regret share above 1: treating by the
estimated boundary did worse than treating everyone with the better treatment on average.

median z
interac- ecological estima- of interac- delta Fieller Fieller regret
tion T* term  tor tion  coverage  coverage  bounded share
0.30 0.5 0.0 com- 6.9 0.964 0.957 100% 0.01
bined
0.30 0.5 0.0 individ- 3.0 0.965 0.957 84% 0.08
ual
trial
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median z

interac- ecological estima- of interac- delta Fieller Fieller regret
tion x* term  tor tion coverage coverage  bounded share
0.05 1.5 0.1 com- 3.0 0.462 0.696 85% 1.47
bined
0.05 1.5 0.1 individ- 0.5 0.838 0.955 ™% 3.64
ual
trial

The registered condition failed (Table 1). From one trial of 400 patients a bounded confidence set for z*
existed in 84% to 85% of replicates at the largest interaction and 31% to 34% at the moderate one (Figure 1).
The delta-method interval covered 0.890 to 0.970 there, finite in every replicate. Regret was a large share of
what individualization could gain, and at the smallest interaction it exceeded that gain.

Borrowing interaction information from the aggregate trials made the boundary look determined: its sets were
bounded in 93% to 94% of replicates at 0.15. Without the ecological term the Fieller sets kept their coverage
(0.945 to 0.957 over all cells), while the delta-method interval fell to 0.859 at the weakest interaction. With
the term, the combined estimator’s sets were narrower still and covered 0.681 to 0.696 for the boundary at 1.5,
where a slope bias moves the crossing most; for the boundary at 0.5, near the aggregate trials’ mean covariate
value, coverage was 0.920 to 0.930. The individual trial’s sets were unaffected. The pointwise optimality
probability rarely gave false certainty (at most 2% of profiles half a unit or more from the boundary), so the
failure is concentrated at the boundary itself.

4 What this does not answer

Two treatments and one modifier, so a point boundary; no modifier selection, which would make every interval
narrower than it should be; frequentist closed-form estimators rather than ML-NMR; the ecological term is a
declared linear shift. Peer review has not been done.
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